An improved model of the slant crack on a microbeam is presented. Based on fracture mechanics, the rotation coefficient for the slant crack is derived as a massless rotational spring accounting for the additional stress intensity factors generated by the orientation of the crack compared to the transverse crack. Comparisons between microbeams with a slant crack of different geometry parameters (slant angle, depth ratio, and crack position) are investigated with regard to the dynamic mechanical behaviors and nonlinear response. By presenting a mathematical modeling, the effects of the slant crack and the electric actuation of an electrostatically actuated fixed-fixed microbeam on the dynamic characteristics are examined in detail. It is shown that the crack position has more significant influence on the pull-in voltage value than the slant angle or the depth ratio. Approaching the slant crack to the fixed end or enlarging the external incentives amplifies the nonlinearity of the microbeam system, while the effects of depth ratio and slant angle are dependent on the crack position. The resonance frequency and the resonance amplitude are affected as well.
Introduction
With the advantages in miniaturizing reducing cost and energy consumption, the microelectromechanical systems (MEMS) are a growing industry finding their application in different fields such as resonators for sensing [1, 2] and electric filtering applications [3, 4] . Microbeams such as cantilever and doubly clamped beam are the major components of MEMS devices, and the preferred actuation method is always the electric actuation. In an electrostatically actuated microbeam, an air gap capacitor, composed of a movable microbeam (upper electrode) and a fixed (lower) electrode, is connected to a voltage source. This generates electric field and electrostatic force. The elastic force grows linearly with displacement, whereas the electrostatic force grows inversely proportional to the square of the distance when a potential difference is applied between the two electrodes. Consequently, the moveable beam deforms, and the displacement grows when the voltage is increased until at one point the growth rate of the electrostatic force exceeds than the elastic force. The system cannot reach a force balance without a physical contact, and the pull-in instability occurs. This phenomenon is known as "pull-in, " and the critical voltage is the pull-in voltage. The reason for this phenomenon is the electrostatic force nonlinearity [5, 6] .
In order to avoid or use the characteristic of the phenomenon, it is essential to study the pull-in. The pull-in instability is firstly found out in 1967 [7] , and later Bernstein et al. [8] proved the existence of a bifurcation point at pullin, where the microbeam deflection becomes unstable, and then Pelesko [9] proved the uniqueness property of the point. A review including the overview of the pull-in phenomenon in electrostatically actuated MEMS and NEMS devices and the physical principals of the pull-in instability provide a comprehensive understanding of the phenomenon [10] . In recent decades, different models have been developed to solve the pull-in problems, such as the nonlinear model of a beam including the electrostatic force, midplane stretching, and applied axial load [11, 12] . In the same time, different analytical numerical methods are improved, such as the shooting method [11] , the differential quadrature method (DQM) [13] , and the combination of step-by-step linearization method (SSLM) and Galerkin-based reduced order model [6] .
Another important problem generated during the machining process is the fatigue crack [14] . The existence of the crack was found to induce considerable local flexibility due to the strain energy concentration in the vicinity of the crack tip under load. Moreover, the crack will open or close in time depending on the loading conditions and vibration amplitude, which will change the dynamic characteristics. Eventually, the detection of the structural flaw can be available through measuring such changes. Moreover, a lot of analytical, numerical, and experimental investigations are reported now. Whether the crack is an open or a closed one depends on the combination of the static deflection of the cracked beam caused by some loading components such as the residual loads and the structure weights with the vibration effect. In detail, the crack remains open all the time, or it opens and closes regularly when the static deflection is larger than the vibration amplitudes. But if the static deflection is small, then the crack will open and close in time depending on the vibration amplitude. In these two cases, the former system is linear, while the latter one is nonlinear. So most of the researchers made the assumption that the crack in a structural element is open and remains open during vibration in their work, in order to avoid the complexities that resulted from the nonlinear characteristics presented by introducing a breathing crack (a crack which opens and closes during vibration) [15] [16] [17] .
Many researchers are focused on developing suitable models to describe the effect of damage on the beam-like structures, and different approaches for crack modeling have been reported. The approaches can be generally divided into three categories [18] : spring models or elastic hinges [19] , local stiffness reduction [20] , and finite element models [21] . According to Friswell and Penny in [22] , simple models of crack flexibility based on beam elements are adequate compared with other approaches, and those models belong to the category relying on the spring models. In particular, the model of crack as an internal hinge endowed with a rotational spring connecting the two adjacent beam segments is of high accuracy.
Based on that, the crack is modeled as an equivalent massless rotational spring with a local compliance, and this method was often used to quantify the relation between the applied load and the strain concentration around the tip of the crack in a macroscopic way [23, 24] . With improvement of the method in recent years, the crack is substituted by the additional local compliance of a cracked beam with relation to the strain energy concentration as well as to the stress intensity factor, and a lot of results both analytical and experimental are gained under different loading and geometry for a number of cases. Most researchers assumed the crack to be open but not close, which guaranteed a constant stiffness and frequency shift during vibration. Lin et al. [25] investigated the cracked beams model as a function of the crack depth as well as the consequently dynamic behaviors and the stability characteristics. Furthermore, Rubio and Fernández-Sáez studied the applicability of different approximate closed-form solutions to evaluate the natural frequencies for bending vibrations of simply supported Euler-Bernoulli cracked beams [26] . Motallebi et al. [6] presented investigation of the effects of the geometry parameters, such as the crack depth, crack position, and the crack number, of open crack on the static and dynamic pull-in voltages of the microbeams under different support methods. Afshari and Inman presented results that the proposed crack modeling approach as a massless rotational spring was beneficial as it provided twice-differentiable mode shapes for the cracked beam and can be used as trial functions in the assumed mode approximations [27] .
Since resonant sensors are important components in micromechanical devices, the investigations into the frequency response of a resonant microbeam to an electric actuation are of big significance [28] . As reported, frequency of a resonant microbeam is very sensitive to the axial strain induced by external loads, such as pressure, temperature, force, and acceleration, and consequently causes a shift in its natural frequencies. Such shift is generally converted to a digital signal related to the physical quantity being measured [29] . Additionally, some reports show that some other factors such as squeeze-film damping [30] and the elasticity of the microbeam supports can also originate the frequency shift [31] . Alsaleem et al. [32] presented results of modeling, analysis and experimental investigation for nonlinear resonances, and the dynamic pull-in instability in electrostatically actuated resonators. Caddemi et al. [18] studied the nonlinear dynamic response of the Euler-Bernoulli beam in presence of multiple concentrated switching cracks (i.e., cracks that are either fully open or fully closed). Besides the transverse crack analyses, the dynamic characteristics of slant crack attract attention of researchers. But most such study is based on the vibrations analysis of rotors with slant crack, for example, [33, 34] . Little investigation of effect of slant crack on the dynamic response of microbeams is carried out.
In this paper, an improved model of beam with slant open crack is presented as a massless rotational spring. It is based on a continuous beam model and the stress and strain energy analysis of the vicinity of the crack. The combinatorial method of SSLM and Galerkin-based reduced order model is used to investigate the static response of MEMS devices, and the fixed-fixed beam model is applied. The natural frequencies and corresponding cracked mode shapes of the microbeam are calculated with the usage of the transfer matrix method under the boundary and patching conditions. And then the comparisons of the dynamic vibration behaviors and the pull-in voltages of beams with different geometry parameters of slant crack are shown. The effects of the crack depth, crack slant angle, and crack position on the dynamic vibration behaviors and the pull-in voltages are discussed. Finally, an investigation into the dynamic response of the microbeam is presented by using the multiple scales method, and the effects of the crack parameters and the electric actuation are discussed on the vibration nonlinearity. Figure 1 shows the schematic of an electrostatically actuated fixed-fixed microbeam with a slant crack on the surface. The specimen is the small suspended fixed-fixed microbeam with a rectangular cross section located at the center of a MEMS device, which is fabricated using the gold electrodeposition technique [35] . The beam specimen is anchored to two lateral plates acting as electrostatic actuators (Figure 1(c) ). When the plates are actuated, the beam structure deforms and undergoes a tensile load. The magnified section reveals the formation of intruded and extruded sections and the propagated crack. Figure 1 (a) depicts the simplified mathematical modeling of the electrostatically actuated fixed-fixed microbeam, including a suspended elastic beam with an applied electrostatic force and another beam fixed at both ends to the ground conductor. The upper beam is suspended over a dielectric film deposited on top of the center conductor, which will be pulled down for the electrostatic force when a voltage is applied between the upper and lower electrodes. The microbeams are considered as Euler-Bernoulli beams of length , width , thickness ℎ, density , Young's modulus̃, Poisson's ratio ], and = /(1 − 2 ). On the surface of the beam, an slant crack was located at point , having a depth oriented at an angle of relative to the normal direction of the beam, the depth ratio of = /ℎ. and are initial gap and dielectric constant, respectively.̃and̃(̃,̃) denote the coordinate along the length of the microbeam with its origin at the left end and the transverse displacement of the beam, respectively. Now, the entire beam is divided into two parts with length of and − , respectively [6] , and the global nonlinear system can be separated into two linear subsystems joined by an additional local stiffness discontinuity. According to the theory of fracture mechanics, the additional rotation coefficient can be derived from the strain energy release rate and the strain energy . For plane strain, the expression of , and the relation of them are [36, 37] 
Mathematical Modeling
where is the area of the crack. , , represent the stress intensity factors (SIFs) corresponding to opening, sliding, and tearing mode of crack displacement, respectively. Θ is the additional rotation in the slope due to the existence of the crack, and is the force loaded on the beam.
The SIFs are derived as follows. To simplify the problem, the slant-cracked beam is loaded with pure bending moment . As shown in Figure 1 (b), compared to a transverse crack, the bending leads to more numbers of stress components responsible for the opening and tearing mode of crack displacement. The stress components include the shear stress and the normal stress , which cause tearing mode and opening mode of the crack, respectively. According to stress analysis [38] , it can be gotten that
where is the distance from the centre point of the crack along the crack edge. 0 , 0 and , are the stress components in the transverse crack surface and the slant crack surface, respectively. And = 1/12 ℎ 3 is the inertia moment of microbeam cross section. To simplify the calculation, we take the largest stress, which means 0 = 6 / ℎ 2 . Then, SIFs for opening, sliding, and tearing mode can be expressed as
where 0 , 0 , and 0 represent SIFs related to the transverse crack, while , , and are related to the slant crack, and one has
With the expressions of SIFs derived above, synthesizing (1) to (3), adopting the correction function given by Anifantis and Dimarogonas and Taylor's series expansion [23] , the nondimensional rotation expression is obtained as 
The microbeam is subject to a viscous damping due to squeeze-film damping. And this effect is approximated by an equivalent damping coefficient̃per unit length [39, 40] .̃and̃are the stretching and residual forces, respectively. Thus, the nondimensional governing equation of the transverse vibration of the beam can be given by [6] 
The boundary conditions of the fixed-fixed microbeam are as follows:
where the nondimensional variables and parameters are =̃, =̃, = * ,
By dropping the time dependence of (6), the governing equation can be rewritten as
Numerical Analysis
In order to study the effect of the slant crack on the local stiffness discontinuity, each segment divided by the crack can be considered as a separate beam under undamped free vibration, with nondimensional equation form as follows:
Using the separable solutions, ( , ) = ( ) , in (10) leads to the associated eigenvalue problem:
with patching conditions as [25] 1 (
where Λ 4 = 2 and = / , with being the nondimensional nature frequency and Λ being the frequency parameter.
The general solution of the eigenvalue problem in (11) with boundary conditions in (7) and patching conditions in (12) is written as the series value of Λ obtained corresponds to the nondimensional natural frequencies of associated modes.
Because of the nonlinearity of the static equation, the numerical solution is complicated and time consuming, and the direct application of the Galerkin method or finite difference method creates a set of nonlinear algebraic equations. In this paper, a method of two steps is used. In the first step, the SSLM is used [8, 41] , and in the second step, the Galerkin method for solving the linear equation obtained is applied. Using the SSLM, it is assumed that is the displacement of beam due to the applied voltage . Therefore, by increasing the applied voltage to a new value, the displacement can be written as [6] 
when
So, the equation of the static deflection of the fixed-fixed microbeam (equation (9)) can be rewritten in the step of +1 as follows:
By considering the small value of , it is expected that would be small enough. Thus by using the calculus of variation theory and Taylor's series expansion about in (16) and applying the truncation to its first order for suitable value of , it is possible to obtain the desired accuracy. The linearized equation for calculating can be expressed as
where the variation of the hardening term based on the calculus of variation theory can be expressed as
. Similarly, because of the small value of and , the value of multiplying by 2 / 2 would be small enough that can be neglected. The linear differential equation obtained is solved by the Galerkin method, and ( ) based on function spaces can be expressed as
where ( ) is selected as the th undamped linear mode shape of the cracked microbeam. ( ) is approximated by truncating the summation series to a finite number in this work.
Substituting (18) into (17) and multiplying by ( ) as a weight function in the Galerkin method and then integrating the outcome from = 0 to 1, a set of linear algebraic equations can be obtained as follows:
where
Considering the resonant microbeam (see Figure 1) actuated by an electric load that is composed of a DC component (polarization voltage) and an AC component V ac , the voltage signal can be given by
where is the excitation frequency and ≫ V ac . In order to investigate the dynamic behavior of the microbeams more simply, the linearization of the right part of the governing equation (6) can be written as
where the term involving V 2 ac is dropped because typically V ac ≪ in resonant sensors. Using the Rayleigh-Ritz method, assuming the bending deflection of the beam to be of the form ( , ) = ( ) * ( ) as analyzed previously, and substituting (22) into (6), we can get the governing equation as a single degree-of-freedom Duffing equation as follows:
where ( ),( ),( ) are the displacement, speed, and acceleration of the center layer of the beam. And one has
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To calculate the nonlinear response of the electrostatically actuated microbeam given by (23) , the multiple scale perturbation theory is employed. The response to the primary resonance excitation of its first mode is analyzed because it is the case that is used in resonator applications. Still, the analysis is general and can be used to study nonlinear responses of the beam to a primary resonance of any of its modes. The excitation frequency is usually tuned close to the fundamental nature frequency of mechanical vibrations, namely, = 0 + , where is a dimensionless small parameter and is a small detuning parameter. By redefining the parameters as ℏ = ℏ, = , ℓ = ℓ, = , and = , (23) can be written as
To solve (26) , two time scales, 0 = and 1 = , are introduced, and the first-order uniform solution is given in the form
Substituting (27) into (26) and equating coefficients of like powers of , the linear partial differential equations of order 0 and order 1 are obtained as 
where 0 = / 0 and 1 = / 1 . The general solution of the first equation of (28) can be written as
where ( 1 ) = ( 0 ) ( 1 ) /2 and cc denotes a complex conjugate. Equation (29) is then substituted into the second equation of (28) , and the trigonometric functions are expanded. The elimination of the secular terms yields two first-order nonlinear ordinary differential equations that allow for a stability analysis. Furthermore, the modulation of the response with the amplitude and phase is given by
where = 1 − . The steady-state motion occurs when 1 = 1 = 0, which corresponds to singular points of (30) . Then the steady-state frequency response is obtained as
where 0 is the resonance amplitude when it is steady-state. While one has 0 ≤ /( 0 ), a function of the independent incentive frequency is found to be
Defining nondimensional resonance frequency, Ω = / 0 , (32) can be expressed as
As indicated in (33), the nondimensional design parameters affect the resonance frequency through changing the effective nonlinearity of the undamped linear mode shape.
The maximum resonance amplitude is reached when the magnitude under the square root is zero [42] . Hence,
and the corresponding frequency is
The curve determined by (35) is defined as the skeleton line, which manifests the relation between the peak amplitude and the resonance frequency, dominating the shape of the amplitude-frequency response (AFR). The AFR curves indicate the nonlinear characteristics of the microbeam. According to (33) and (35) , the AFR curves and the skeleton lines not only are affected by parameters of the beam structure and the slant crack, but also are related to the external incentives, namely, the DC and AC voltages.
Results and Discussion

Frequency and Mode Shapes. The geometric and material properties of the microbeam are as follows:
= 250 m, = 50 m, = 8.85 PF/m, ℎ = 3 m, = 1 m, = 1.69 GPa, = 2331 kg/m 3 , and ] = 0.06 [6] . Figure 2 shows the effects of the crack depth ratio for selected crack positions ( = 0.05, 0.25, 0.5) and slant angles ( = 0 ∘ , 20 ∘ ) on the value of the first four ( = 1-4) nature frequencies along the depth ratio. It can be found that increasing the depth ratio will gradually decrease the natural frequencies, with the tendency serving as the confirmation of the EBB theory according to Hasheminejad et al. [43] . Some important observations are found. Increasing the crack depth ratio does not have any impact on the cases of = 2 ( = 0.5) and = 4 ( = 0.5), which exhibits the same trend with results presented by Hasheminejad et al. [43] . This can be explained by the fact that none of the crack positions ( = 0.5) lie on the vibration nodes for the beam vibrating in first and third modes ( = 1, 3), while in the case of the second and fourth modes ( = 2, 4), the crack position ( = 0.5) is exactly set on the vibration nodes. Take the slant angle of the crack into account, the increment in angle leads to a gradual increase of the four nature frequencies, except the special cases mentioned above. Besides, the effect of the crack position on frequency differs in different modes.
More detailed changes of the first four frequency parameters for the fixed-fixed microbeam with different crack slant angles for a crack located at positions = 0.05 and 0.5 are given in Table 1 , and the crack depth ratio = 0.5.
The first-mode shapes of the cracked microbeam of different geometry characteristics are displayed in Figure 3 . The abscissa is the nondimensional distance of the crack from the left end of the microbeam, and the ordinate is the vibration amplitude of first-mode shape. It manifests that the effects of the slant angle and depth ratio on the firstmode shapes depend on the crack position. For example, the growth in the depth ratio will increase the maximum vibration amplitude along the beam length when the crack is near the center point of the beam ( = 0.5, see Figure 3 (a)), but it will lead the inverse trend when the crack is located at the end part ( = 0.05, see Figure 3 (b)). Similarly, when it comes to the slant angle (see Figures 3(c) and 3(d) ), the angle increment causes decrease in the maximum vibration amplitude when the crack is located near the center part of the beam, but it increases when it is near the end. The effect differences in vibration amplitude are in good agreement with the ones in the nature frequency. Additionally, the maximum vibration amplitude is larger when the crack position gets near the center part.
Pull-In Voltage Analysis.
In the pull-in voltage analysis, voltages will differ when different voltage increment is applied, but the difference is small enough to be neglected. Just as seen in Figure 4 , the abscissa is the value of the applied DC voltage, and the ordinate is the transverse deflection of the middle point of the beams. increases to a certain value, it exhibits a steady increase trend in the deflection of center point of the beam. Once the DC voltage reaches a critical point, it enters the pull-in instability zone, where the deflection begins oscillating violently with the increasing of the DC voltage. This critical point indicates the pull-in voltage, and the corresponding displacement is the pull-in displacement.
By using the modified model proposed, the effects of the slant crack parameters on static pull-in voltage of the fixedfixed microbeam are investigated. The variation of the pull-in voltages of the cracked beam of different crack depth ratio (for three crack positions and three slant angles) is shown in Figure 5 . It is shown that the crack position has a strong effect on the pull-in voltage. When the crack is near to the middle of the microbeam, especially for the higher crack depth ratios, the pull-in voltage is greatly reduced. And the position of = 0.25 and 0.75 is more ineffective on the pull-in voltage than other positions. In addition, the effect of the slant angle on the pull-in voltage is appreciable. The pull-in voltage is increased slightly along with the increase of the angle. In addition, the detailed effect of the crack position on pull-in voltage of the beam is investigated and shown in Figure 6 . As shown, interestingly, there are several extreme points located in = 0.25, 0.5, 0.75 and two endpoints. As shown in the figure when the crack is located at = 0.25 and 0.75, it has the lowest effect on the pull-in voltage and when = 0.5, the effect is greater, but endpoints are still lower. As shown, the rate of the variation is smaller in larger crack slant angle. The results gained above show that the crack position has more significant effect on the pull-in voltage of the beam than the crack depth ratio or the slant angel. And the slant angel exhibits a contrary effect on the pull-in voltage compared with the crack depth ratio.
Dynamic Response Analysis.
The dynamic response of the microbeam described by (31) has been taken into account. The set of parameters applied in all the numerical simulations Table 2 .
As plotted in Figures 7-10 , the dynamic response curves of the first mode are acquired. The abscissa is the nondimensional resonance frequency, and the ordinate is the resonance amplitude. But the abscissa of the subgraphs in the graphs is the excitation frequency. As plotted, when the resonance frequency grows sufficiently large, the two branches of all the curves merge and produce a standard resonance peak with a hardening characteristic. A larger degree of curvature means the stronger hardening behavior, which points out that the nonlinearity strengthens. Figure 7 illustrates the influence of the crack position on the frequency response of the microbeam. When the crack is located at the middle point of the beam, the nonlinear behavior of the system is not evident. As the crack approaches the fixed end, the influence of the nonlinearities becomes more obvious showing a typical hardening characteristic. At most frequencies, it is noted that the fact that the crack approaches the fixed end results in a decrease in the steadystate amplitude. For case of = 0.01, the value of the nondimensional resonance frequency where the maximum amplitude occurs is bigger than the other two cases.
The influence of the slant angles of crack on the dynamic response differs at different crack locations as shown in Figure 8 . When the crack is located at the center part of the microbeam ( = 0.5, Figure 8(a) ), the microbeam with a slant crack of a bigger angle displays a stronger nonlinearity but a less resonance amplitude at most frequencies. Increasing the slant angle decreases the maximum resonance amplitude and slightly increases the corresponding frequency. But if the crack is located at the fixed end of the microbeam ( = 0.05, Figure 8(b) ), the result becomes that the microbeam with a slant crack of a smaller angle depicts the stronger nonlinearity and the less resonance amplitude. Meanwhile, increasing the slant angle of the crack has no significant influence on the maximum resonance amplitude but decreases the corresponding frequency.
When it comes to the influence of the crack depth ratio on the dynamic response, the characteristics displayed in Figure 9 are similar to what is seen in Figure 8 . It is noted that a deeper crack affects the dynamic response of the microbeam in the same way with how a slant crack with a smaller slant angle does. Increasing the depth ratio of the crack located at the center part of the microbeam ( = 0.5, Figure 9(a) ) weakens the nonlinear behavior of the microbeam and enlarges the resonance amplitude at most frequencies, as well as the maximum resonance amplitude, but it has no significant influence on the corresponding resonance frequency, contrary to the effects of the crack depth ratio on the response characteristics located at the fixed end ( = 0.05, Figure 9(b) ). Figure 10 illustrates the influence of the external incentives on the dynamic response of microbeams including the DC voltage (Figure 10(a) ) and the AC voltage (Figure 10(b) ). As plotted in the two figures, it can be directly seen that increased external incentives result in an obvious increase in the steady-state amplitude at most frequencies as expected. As the value of the external incentives is decreased, the hardening behavior weakens. A resonance response will not be seen if the incentive values are significantly reduced. This result is in agreement with that found by Younis and Nayfeh [44] .
Conclusion
In this work, the model of slant open crack is established, and it is applied into the continuous vibration equation of electrostatically actuated fixed-fixed microbeams. Analytic results of the natural frequency, the corresponding mode shapes, and the numerical results of the pull-in voltages are presented. By comparing the calculated results in different cases, the effects of the crack depth ratio, crack position, and the slant angle on the dynamic behaviors and the pullin voltages are investigated. It is shown that except for some special cases the first four nature frequencies decrease with the increase of the crack depth ratio, but the opposite change is displayed when the slant angle of the crack increases. In addition, the effect of the crack position on frequency differs in different modes. Furthermore, the influences of the crack position, slant angle, and the depth ratio on the pullin voltages are similar to those on frequencies, respectively. The pull-in voltage decreases the most when the crack is located at the middle point of the beams and the least when the crack is located at the quarter point. Finally, the dynamic response of the beam is investigated by employing the multiple scale perturbation theory. It is found that the response demonstrates a hardening characteristic, which is affected by the geometry parameters of the slant crack and the electric incentives. The nonlinearity of the resonance response gets enlarged when the crack position approaches the fixed end of the microbeam or the DC voltage and AC voltage value amplifies. The effects of the crack depth ratio and the slant angle on the dynamic response vary in different positions.
